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Forced Response of Coupled Substructures Using
Experimentally Based Component Mode Synthesis
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A new method is presented to calculate the forced response of coupled substructures using experimentally
based component mode synthesis (CMS). The method uses test-derived CMS matrices and the uncoupled forced
response of each substructure to predict the coupled-system forced response. This is achieved by considering
the internal coupling forces and external applied forces on a substructure independently, and superimposing the
responses of each. The advantage of this approach is that any number of applied forces can be present, and these
can occur at unmeasurable locations. Periodic excitations are considered, and the analysis is performed in the
frequency domain. The method is ideally suited for integrating test-derived models with finite element models for
forced response predictions. A test case is conducted for a simple plate-beam system. The method is simulated
analytically, then conducted experimentally using actual measured data. Good correlation is achieved for both

cases.

Nomenclature
= system matrix
= damping matrix
= cone base diameter
= modulus of elasticity
= force vector
= identity matrix
= imaginary number; 1
= stiffness matrix
= coupling stiffness
= cone length to tip
= mass matrix
= total number of substructures
= cone length to frustrum
= transformation matrix
= response vector
= response vector due to external forces
= response vector due to coupling forces
= coordinate directions
= structural damping coefficient

r,z
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Y = partitioned transformation matrices

= Poisson’s ratio
= frequency, rad/s

Subscripts

a = active degrees of freedom (DOF)

¢ = coupling DOF

cb = Craig—Bampton type

n = noncoupling DOF

0 = omitted DOF

K =modal DOF
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Superscript

)

= substructure identification number

I. Introduction

N experimentally based method of component mode synthesis

(CMS) has beendeveloped,'-? which enables CMS matrices to
be determined from test. This allows for the calculation of the nat-
ural frequencies and mode shapes for systems of coupled substruc-
tures using measured data. The present paper extends this method
to include coupled forced-responsepredictions based on uncoupled
response data. The motivation for the developmentof the method is
the relatively poor performance of existing force estimation methods
underthe typical conditionsof application, i.e., many forces applied
atunmeasurablelocations. The usual problemsassociated with these
force estimation methods are completely bypassed using superpo-
sition of responses instead of force estimation. This allows forced
response to be accurately predicted from measured data.

One common approach to forced-response predictions is to esti-
mate the applied forces and then apply them to the coupled-system
model. Two popular methods of force estimation are the direct
inverse method and the modal filtering method. As developed by
Okubo et al.,? the direct inverse method uses measured frequency
response functions to estimate the forces. However, this requires
that all points of force application be measurable, which usually
is not possible in practical situations. The modal filtering method,
conversely, does not have this restriction. Several modal filtering
techniques have been developed, e.g., the pseudoinverse method
of Desanghere and Snoeys,* the reciprocal modal vector method of
Zhang et al.,’ and the modified reciprocal modal vector method of
Shelley and Allemang.® In these methods, a set of vectors is cre-
ated (modal filters) that are orthogonalto the substructure’s modal
vectors. Then, the contributionof each mode is determined by mul-
tiplying the forced response by these filters. The modal forces are
estimated by dividing the modal responses by the modal frequency
response functions correspondingto the individual modes.

There are several disadvantages to the modal filtering method.
First, it requires the measurement of at least as many degrees of
freedom (DOF) as the number of modal frequenciesin the frequency
region of interest. This may necessitate the measurement of more
points than is desired or required by the CMS representation. Sec-
ond, the estimated modal forces usually are sensitive to errors in
the modal filters. This generally occurs when there is a large differ-
ence in modal response magnitudes,such as at a resonant frequency.
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Third, modal filtering is sensitive to the location of the measured
points, and different locations can give vastly different levels of ac-
curacy. Therefore, the selection of measurement point locations is
important.

The new method presented herein bypasses these problems by
using superposition of responses instead of force estimation. The
procedure considers the internal coupling forces and external ap-
plied forces independentlyand superimposes the responses of each.
The responsedueto the couplingforcesis determinedusingthe CMS
models. The response due to the applied forces is measured directly.
There are severaladvantagesto this approach. First, the new method
requires only measurements at the active DOF correspondingto the
coupling-forcesload case. Active DOF are translationsand rotations
that are included in the reduced DOF set of the CMS representation.
For the coupling-forces load case, they include the coupling DOF
and any additional noncoupling DOF selected to be included as ac-
tive DOF.! These are the same DOF required for the calculation of
the CMS models, so no additional measurement locations need be
included for the calculationof the forced response. Second, the new
method theoretically is highly accurate. With error-free response
data, the only errors that occur are due to the CMS representation.
Third, any numberofapplied forces can be present,and these can oc-
curat unmeasurablelocations. The forced-responsecalculationsare
the same regardlessof the number and locationof the applied forces.

The major contributionof the new method is that it extends the ex-
perimentally based method of CMS!:2 to include forced-response
predictions. This allows test-derived models to be coupled to fi-
nite element models for forced-responsepredictions. Finite element
models can be analyzed using the test-derived models as dynamic
boundary conditions,and operatingdisplacement, acceleration,and
stress levels can be predicted.

This paper is organized as follows. The new forced-response
method is developed first in Sec. II. The procedure uses experi-
mentally based CMS models. Then, the uncoupled forced response
is measured. Next, the forced response due to the coupling forces is
calculated,and the resultsare superimposedand transformedback to
the original DOF set. The performanceof the new method is demon-
strated in Sec. III. A test case is conducted for a simple plate—beam
system. The method is first simulated analytically using error-free
data, then conducted experimentally using measured data. The ex-
periment illustrates the method’s accuracy under practical condi-
tions. Conclusions are drawn in Sec. IV.

II. Forced-Response Method

The new forced-responsemethod uses superpositionto divide the
loading on a substructure into two load cases. The coupled response
then is determined by enforcing the compatibility and equilibrium
relations between the various substructures. The applied loading on
each substructureis divided into coupling forces between substruc-
tures and the remaining externallyapplied forces, as shown in Fig. 1.
The coupled-system forced response is determined by superimpos-
ing the responses for the two load cases:

X=X+X (1)

where X and X are the re sponses due to the applied forces and cou-
pling forces, respectively. The response, due to the applied forces,

Forced response c Forced response
of a substructure due to externally
applied forces

+ (o

X,
Forced response
due to coupling
forces

Fig.1 Superposition of loading.

is measured directly for the uncoupled substructures. The response
dueto the coupling forces is determined from the CMS models. This
method thus involves four major steps, as follows. First, the CMS
models are determined from test. Then, the uncoupled responses
are measured. Next, the response to the coupling forces is solved.
Finally, the total coupled system response is calculated. This is de-
scribed next.

A. Calculation of the CMS Models

The CMS models are determined using measured frequency
response functions shown elsewhere.!*? The details are not pre-
sented here; however, the resulting CMS matrices are in exactly the
same form as in the constraint-modes CMS method of Craig and
Bampton.” There are four matrices that representthe CMS model of
a substructure: transformation, reduced stiffness, mass, and damp-
ing matrices. The transformationmatrix T¢, relates the original DOF

to the reduced set

XD \PD{,{ YDS Xa T Xa 2
[xa]‘[lm 0] xx]‘ “’[xx] @
where Ty, is a real-valued, non-frequency-dependent matrix. The
subscriptsa, o, and s indicatethe partitioningof the matrices with re-
specttothe active a, omitted o, and modal s DOF. These DOF are se-
lected by consideringthe location of the coupling forces and the up-
per frequency limit of interest. Active DOF are selectedto includeall
coupling DOF between substructures,because the CMS models will
be used to determine the responses due to the coupling forces. Ad-
ditionally,enough active DOF must be included so that the resulting
CMS representations exhibit no rigid-body modes when all active
DOF are constrained (this is a requirement of the Craig—Bampton
method). Any selection of omitted DOF is acceptable because these
DOF do not affectthe calculationof the reduced structural matrices.
The modal DOF correspondto the free-boundarymodes included in
the CMS representation. All free-boundary modes occurring up to
1.0-1.5 times the upper frequency limit of interest should be used.

However, rigid-body modes are included as inertia-reliefmodes.!
For the forced-responsemethod, a further partitioning of the ac-
tive DOF with respect to coupling ¢ and noncoupling # DOF is

useful, because all active DOF are not necessarily coupling DOF:

x, = 3
«=|x (3)
Equation (2) then becomes
X | [we v Y[
Xl‘ = ICL‘ OC" OCS Xn (4)
X, Ouc Lin Ous || X

The reduced stiffness K, mass M,,, and damping C,, matrices are
partitioned likewise and form a dynamic model of the substructure:

X, X, X F.
Mcb ;.Yn + ch Xn + ch Xn = Fn (5)
:Yx Xr XV EY

This can be transformed into the frequency domain as

X, B.. symmetric X, F.
Bcb Xn = Bnc Brm Xn = Fn (6)
Xr Bx( an Bxs Xr Er

where By, = Ko + i 0Coy — @F Moy

B. Forced Response Due to the External Forces

The forced response due to the external forces is determined
directly from measurements on the uncoupled substructures. Re-
sponses are measured at the active and omitted DOF under the ex-
citation of the applied external forces. Both periodic (deterministic)
and stationary random (nondeterministic)forces may occur. For pe-
riodic forces, standard signal processingand response averagingcan
be used, provided a reliable reference trigger can be identified. Sta-
tionary random excitationsalso can be handled using the method of
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virtual sources developed by Warwick and Gilheany.® The method
of solutionis the same, so only periodic forces are consideredherein.
The measured forced response due to the external forces on a sub-
structure then is partitioned as

X= (7)

C. Forced Response Due to the Coupling Forces

For forces applied at the coupling DOF, F, and F; in Eq. (6) are
zero vectors. This allows the forced response due to the coupling
forcesto be determined using the CMS models. The forced response
dueto the coupling forces can be solved by enforcingthe compatibil-
ity and equilibrium relations between substructures. Compatibility
between substructures requires that the coupled responses at the
coupling DOF be equal for all connected substructures:

XD=xP= | =xY=X ®)

where the superscriptcorrespondsto a particular substructure. From
Eq. (1), X. = X, + X.. Solving for X, in terms of X, and X,, and
substituting into Eq. (6) with F,, = 0 and F; = 0, gives

B.. symmetric || X F.+ B.X,
B.. B X |=| B.X 9)
B. B, B, |[X, B..X.

Then, the coupled substructure system matrices can be assembled.
The general form of the assembled system is

X
X

S
[Assembled System Matrix] ;c
X’
X

2
B}{IC)XC

~A(N)
N
BMX,

N 0 N G
- /) )
. 2’ R SRR
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BOX,

~(2)
2
BOX

n AN
BOX,
As indicated, the assembly process automatically groups the cou-
pling forces together. These cancel out, so that equilibrium between

substructures is preserved:
N
ZF(Cj ) =0 (1D

Equation (10) represents the forced response of the coupled sys-
tem due to a known external force vector F. Standard methods can
be used to solve for the response. Then, the responses due to the
coupling forces are determined for each substructure as

Il
e

(10)

XD \Poc \Pon Yox XC —\Poc
:Yc - Icc Om Ocs Xn + —Icc :Yc ( 1 2)
) n Onc Irm Onx :YX Onc

D. Superposition of Forced Responses
The forced response of the coupled system is determined by su-
perimposing the responses for the two load cases:

X, X, | [x
X =[x k| X (13)
X, X, X,

Substituting Eq. (12) into Eq. (13) gives the desired coupled-system
forced response:

Xo I 00 —\Poc Oon XD _\Poc \Ilon Yox XC
Xc = Oco Occ Om :Y[ + Icc Om Ocs Xn
Xn Ono Onc Inn A 0 Onc Inn Onx :YX

—
—
B

=

III. Test Case: Forced Response
of a Plate—-Beam System

The new method was validated using the coupled plate—beam
system shown in Fig. 2. The plate is externally excited by a single
force locatedat point 9. The force featuresan input spectrumof unity
magnitude and zero phase from 0 to 1000 Hz. Coupling between
the beam and the plate occurs between points 2 and 6 in the form
of a threaded steel spike. This roughly approximatesa pin joint that
couples the system in the translational DOF only. Therefore, only
translational DOF need to be included in the CMS models, and no
rotational DOF need to be measured.

Two validationtests were conducted. The first test was an analyt-
ical simulation of the method using error-free response data. This
demonstrates the effectiveness of the method under idealized con-
ditions. The second test was an experimental implementation of the
method using measured data. This demonstrates the performance
of method under practical conditions. Because the accuracy of the
forced-response predictions depends on the accuracy of the calcu-
lated modal propertiesof the coupled system, the natural frequencies
and modal assurance criterion (MAC) values are determined first.?
Then, the forced responsesat points 1, 6, and 8 are compared. These
points are selected because they represent an active noncoupling
DOF, active coupling DOF, and an omitted DOF, respectively.

A. Analytical Results

The analytical simulation of the method was conducted using
finite element analysis (FEA). The frequency region from 0 to
1000 Hz was considered as the frequency region of interest. Steel
material properties were used for both the plate and the beam. The
assumed material properties are as follows: modulus of elasticity
E =195, 10" Pa, mass density p = 7700 kg/m’, Poisson’s ratio
L = 0.28,and structural damping coefficient oc= 0.002.

Threaded spike: steel

Plate: steel,
12.7 mm x 300 mm x 400 mm

Beam: steel,
11.3 mm x 70 mm x 500 mm

Fig. 2 Test case: forced response of a plate-beam system; free-free
boundary conditions.
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The plate was modeled using a rectangular grid correspondingto
x = 0.0,0.1,0.15,0.2, and 0.3 m and y = 0.0, 0.075, 0.2, 0.325,
and 0.4 m, as defined by the coordinate system shown in Fig. 2. The
intersectionof these lines determines the grid points in the finite el-
ement model. Only transverse deflection is considered. Therefore,
each grid point has one translationaland two rotational DOF. This
results in a model with 16 rectangular plate elements and 75 DOF.
The local stiffness matrices of the rectangular plate elements were
determined directly from the tabulated results of Zienkiewicz and
Cheung,' for nonconforming shape functions. The local mass ma-
trices were determined from the tabulated results of Dawe,!! for the
same nonconforming shape functions.

The beam was modeled using grid points centered across the
width and evenly distributed lengthwise every 25 mm. Each grid
point has an associated translational and rotational DOF; thus, a
finite element model with 20 linear beam elements and 42 DOF is
obtained. Bernoulli-Euler beam theory was employed with trans-
verse deflection in each beam segment modeled using Hermite cubic
interpolation functions, and consistent mass matrices were used.!?

The CMS matrices were calculated using the residual flexibility
method, and then were transformed to Craig-Bampton form.! The
translational DOF at points 1-3 on the plate were selected as active,
with the remaining DOF selected as omitted. The translational DOF
atpoints4 and 6 onthe beam were selectedas active, with theremain-
ing DOF selected as omitted. All free-boundarymodes that occur in
the frequencyregion of interest (0—1000 Hz) were included. For the
plate, three rigid-body and five flexural modes were included. For
the beam, two rigid-body and two flexural modes were included.

The coupling stiffness was calculated from the theoretical stiff-
ness of a frustrum of a cone:

‘= nd*E
T /(L _s) —(/1)]

where the base diameter (d, = 5 mm), the modulus of elasticity for
steel (E = 1.95,10"! Pa), the length of the cone to the theoretical
tip (L = 8 mm), and the length of the cone to the truncated surface
(S = 7.5 mm) are estimated from the threaded spike and pilot mark
in the beam. The resulting coupling stiffnessis k. = 3.24,107 N/m.

The plate’s uncoupled forced response was determined using the
unreduced FEA matrices. Similarly, the exact coupled forced re-
sponse was determined using the FEA matrices and coupling stiff-
ness, with the applied load as specified. The coupled CMS modal
properties and MAC values were calculated and are compared to
the exact ones in Table 1. Because error-free data are used, the
coupled-system predictions using the CMS models are very accu-
rate. The forced response was determined using the new method.
The responses at points 1, 6, and 8 are shown in Figs. 3-5. The
results are very accurate. The only errors that occur are near the
end of the frequency region of interest, where the residual ef-
fects of the omitted modes are not fully accounted for in the CMS
representations.

(15)

B. Experimental Results

The method was conducted experimentally using the test setup
shown in Fig. 6. The plate and beam were each tested individually,
then coupled together. A threaded steel spike was used to couple
the plate and beam. The plate was tapped to accept the spike and
a pilot mark was indented into the beam using a center punch. The
spike rested in this pilot mark and was held in contact with the

Table1 Analytical modal parameter comparison
for the coupled system

Frequency, Hz Damping factor, % MAC
Modeno. FEA CMS FEA CMS  value

1 166 166 0.10 0.10 1.00
2 284 284 0.10 0.10 1.00
3 382 382 0.10 0.10 1.00
4 559 559 0.10 0.10 1.00
5 645 645 0.10 0.10 1.00
6 748 748 0.10 0.10 1.00
7 888 891 0.10 0.10 1.00
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Fig. 3 Analytical FEA (——) and CMS (----) forced response at

point 1.
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Fig. 4 Analytical FEA (——) and CMS (----) forced response at
point 6.

beam by the weight of the plate. This roughly approximated a pin
joint with zero rotational stiffness and large translational stiffness.
The translational stiffness was approximated using the theoretical
stiffness of a frustrum of a cone, as shown in Sec. III.A.

Impact excitation was used to simulate the force at point 9. Each
impact was scaled to unity magnitude and zero phase. To elim-
inate the need for windowing the response time records, system
damping was increased by applying viscoelastic damping mate-
rial (E-A-R Speciality Composites Div., Cabot Safety Corp., 7911
ZionsvilleRd., Indianapolis,IN 56268) to one side of both the plate
and the beam. This caused the time signals to decay to approxi-
mately zero at the end of the time records. Thus, leakage errors
in the calculated response spectrums were reduced. This damping
augmentation was carried out only to simplify the test case. Ac-
tual implementations of the method would use existing windowing
and signal processing methods to measure the steady-state forced
response of the structure under the operating excitations. However,
the implementationof the method was unchanged by increasing the
damping.
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The data required to conduct the experimental implementation
were determined using six tests, as shown in Table 2. Tests 1-3,
S, and 6 were used to calculate the frequency response functions
required for the CMS models. Test 4 was used for the uncoupled
forced-response measurement.

The experimentally based CMS models were determined using
the method of Morgan et al.!:?> The procedure involves five ma-
jor steps. First, the frequency response functions are experimentally
measured. Then, both globaland localestimates of the modal param-
eters correspondingto the included modes are determined. Next, the
approximate residual functions are optimized and the matrices cor-
respondingto the computationalmodes are determined. The residual
flexibility matrices then are assembled from the test-derived data.
Finally, the residual flexibility matrices are transformed to Craig—
Bampton form, using the two-stage transformation.

Table2 Description of experimental tests

Test no. Test configuration Driving point Type of test
1 Uncoupled plate 1,z Modal test
2 Uncoupled plate 2,z Modal test
3 Uncoupled plate 3,z Modal test
4 Uncoupled plate 9, = Forced-response test
5 Uncoupled beam 4,z Modal test
6 Uncoupled beam 6,z Modal test
— 200
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Fig. 5 Analytical FEA (——) and CMS (----) forced response at
point 8.

Fig. 6 Experimental test setup.

Frequencyresponse functions were measured with free-boundary
conditionsapplied to the active DOF, as required for the experimen-
tally based method. The same selection of active DOF was used
as for the analytical simulation. Points 5, 7, and 8 were the only
measured omitted DOF. Impact excitation was used. All vibrational
modes that occurred in the frequency region of interest (0—1000 Hz)
were included in the CMS representations. As was the case for the
analyticalsimulation, three rigid-body and five flexural modes were
included for the plate, and two rigid-body and two flexural modes
were included for the beam. The rigid-body modes were calculated
from the FEA models and were included in the representation with
zero damping.

Exact residual functions were determined by subtracting the
curve-fit modes from the measured frequency response functions.
These residual functions were characterizedas either type I or type
11, based on the absence or presence of an antiresonance between
0 Hz and the frequency of the first omitted high-frequency mode,
respectively. Approximate residual functions were determined to
represent the effects of the omitted modes using the optimization
procedure presented previously.!:2 Then, the matrices correspond-
ing to the computational modes were determined, and the residual
flexibility matrices were assembled and transformed to the Craig—
Bampton type.

The individual plate and beam CMS matrices were assembled
with the coupling stiffness, and the resulting eigenvalue problem
was solved for the modal properties of the coupled system. A modal
test then was conducted on the coupled system and the measured
natural frequencies and modal vectors were determined. The com-
parison between the predicted and measured results is shown in
Table 3. Frequency correlationis good, with the maximum error be-
ing __7.4%. Damping correlationis good, except for modes 1 and 4,
whichhave muchhighermeasuredvalues. It is surmised that this dis-
crepancy was caused by the uncertainties in the contact at the plate-
beam interface. Also, the impact excitation, rather than a resonant
excitation, presumably contributed to the errors in the damping fac-
tors. The MAC values indicate that the modal vectors also correlate
well.

The forced response of the coupled system was predicted using
the new method. In addition, the forced response was measured so
that the predicted results could be compared to actual measured re-
sults. The resulting responses at points 1, 6, and 8 are shown in
Figs. 7-9. The results are reasonably accurate. The responses at
the other DOF are of similar accuracy. This shows that accurate
forced-response predictions for systems of coupled substructures
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Fig.7 Experimental measured (——)and CMS (----) forced response
at point 1.
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Table3 Experimental modal parameter comparison
for the coupled system

Frequency, Hz Damping factor, % paC

Mode no. Meas. CMS Meas. CMS  value
1 165 153 0.86 0.10 0.98
2 291 305 0.22 0.19 0.97
3 394 396 0.10 0.11 0.99
4 572 582 0.57 0.11 0.98
5 640 640 0.17 0.12 0.97
6 770 769 0.18 0.15 1.00
7 907 897 0.16 0.12 0.92
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Fig.8 Experimental measured (——)and CMS (----) forced response
at point 6.
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Fig.9 Experimental measured (——)and CMS (----) forced response
at point 8.

can be determined using test-derived CMS matrices and uncoupled
forced-responsedata.

IV. Conclusion

A method has been developed that allows the forced response of
a system of coupled substructuresto be determined from uncoupled
response data. The method uses experimentally based CMS mod-
els and measured response data. A simple test case of a coupled
plate-beam system was used to evaluate the method. The method
was shown to be very accurate when error-free data were used. Rea-
sonable accuracy was achieved in the experimental implementation
of the method. It is expected that the main application of the new
method will be for integrating test-derived models and FEA models
for forced-response predictions. Test-derived models are generated
for components that exist in hardware, and FEA models are gen-
erated for the remaining components. The new method allows the
coupled-system forced response to be predicted. This allows new
designs to be evaluated and optimized based on coupled-system
forced-response requirements such as displacement, acceleration,
and stress criteria, without having to generate FEA models for the
entire system. For more complicated systems, coupling will occur
at rotational DOF. Therefore, both rotational accelerometers and
moment excitationdevices will need to be developed. Additionally,
more detailed representations of the coupling interfaces, including
damping effects, should be investigated.
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